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Abstract

The maximum entropy principle is used to get a consistent hydrodynamical
model for the transport of holes in semiconductors. Heavy, light and split-
off valence bands are considered. The first two are described by the warped
functions while for the split-off band a parabolic approximation is used. Intra-
and inter-band scatterings of holes with non-polar optical phonons, acoustic
phonons and impurities are taken into account along with the generation-
recombination mechanism. Limiting energy-transport and drift-diffusion
models are deduced and simulations in bulk silicon are performed.

PACS number: 72.20.—i

(Some figures in this article are in colour only in the electronic version)

1. Introduction

Holes give a relevant contribution to the charge transport properties in a great variety of
different semiconductor materials and devices: silicon p-channel field-effect transistors,
bipolar transistors, heterostructures bipolar transistors, compound semiconductor p-channel
field-effect transistors and optoelectronic devices as lasers and light emitting diodes.
Although modern computers operate at continuously increasing CPU speed, the direct
integration of the system of semiclassical Boltzmann transport equations for electrons and holes
is a daunting computational task. For this reason, many authors have developed macroscopic
models, for example, see [1-12] and references therein. The main problem related to these
models is that of the closure since the number of unknown functions exceeds that of the
balance equations. The hydrodynamical models, usually employed in applications, are based
on heuristic arguments and ad hoc relations, containing free adjustable parameters, without
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any mathematical or physical justification in the framework of a consistent non-equilibrium
thermodynamical theory.

In industrial applications the simulation of hole transport, in bipolar devices, is usually
obtained by integrating the drift-diffusion model [13, 14], which is based on the assumption of
isothermal charge flow. This is well justified in devices such as MOSFETSs (metal oxide field
effect transistors) since the contribution of holes to the total current is marginal. However in
devices as bipolar heterojunctions the role of holes in charge transport is of the same order or
even greater than that of electrons. In such situations more sophisticated models are needed.

In this paper, we present a hydrodynamical model of hole transport in silicon
semiconductors based on the maximum entropy principle (hereafter MEP) following the
same approach presented in [6, 15—17] for electrons.

A similar approach has already been used in [18] adopting the simplified model with only
a single parabolic band. Here both heavy and light holes are considered along with the split-
off band. Intra- and inter-band transitions are considered including scattering with non-polar
optical phonons, acoustic phonons and impurities. Also the main generation-recombination
mechanisms for silicon are taken into account: the Auger and the Schockley—Read—Hall
effects in their relaxation approximations [19, 20].

Due to the anisotropy of the bands the determination of the constitutive equations is
rather involved and suitable expansions must be introduced to make the problem analytically
tractable as already well known in other previous approaches [21, 22].

The plan of the paper is as follows. First, in section 2 we recall the main concepts
regarding the energy band structure and hole transport. Then we present the macroscopic
balance equations in section 3 and use the MEP in sections 4 and 5 to obtain the closure
relations for fluxes (section 6) and production terms (section 7). In section 8, limiting energy-
transport and drift-diffusion models are recovered under suitable scaling assumptions. In the
last section simulations in homogenous silicon are presented.

2. The kinetic semiclassical model

The hole energy spectrum in Si is represented by three bands [23]. A schematic representation
is given in figure 1. The first two bands are the heavy and light valence bands which are
degenerate at k = 0, where they reach their maximum. The third one is the so-called split-off
band which is separated from the first two by the spin—orbit energy A = 0.0443 eV atk = 0.
Because of its low density of states and its energy separation the split-off valence band is
usually neglected.

In [18] a simplified model has been used: a single spherical parabolic band, that of the
heavy holes, with an effective mass related to some plausible average in the k space. Here a
more refined approach is followed: all the three valence bands are included.

The energy bands of heavy and light holes are analytically approximated with warped
bands
2

h
En(k) = >

s G [B2* + C2 (K22 + K22 + k2k2)]'?). H=+-, (1)
where + and — stand for the light and heavy hole bands respectively. k., k,, k, are the
component of k with respect to the principal crystallographic axes. k varies over R®. The
parameters A, B and C depend on the specific material. The constant energy surfaces have a
warped form (see figure 2).

The (microscopic) hole velocity v in the heavy and light warped bands is obtained with
the quantum mechanics formula v’ = %Vé’ and reads

2



J. Phys. A: Math. Theor. 41 (2008) 215103 S L Rosa and V Romano

'=(0,0,0) Adirecton —— » X=(1,0,0)

Conduction bands

energy gap Forbidden region

Valence bands

Figure 1. A schematic representation of the energy conduction and valence bands (£(k) versus
k in arbitrary units) in Si. The conduction bands for holes are obtained from those of valence by
reversing the sign.
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Figure 2. Constant energy surface of the warped bands at k; = 0.
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where Kk is the component of k orthogonal to the ith crystallographic axis.



J. Phys. A: Math. Theor. 41 (2008) 215103 S L Rosa and V Romano

The split-off hole band is described by the parabolic approximation

k|2 ;1 nk!
vl =-VE=

E=n—, -
2m7, h myy

with m7, being the effective mass.

From a formal point of view the parabolic band is recovered from the warped one by
setting A = 1, B = C = 0 and replacing m, with m7,.

Simple properties, useful in the sequel, are the following.

Proposition 1. The warped energy bands have the same (discrete) symmetries of the cube, in
particular the permutation of axes.

The semiclassical description of hole transport in semiconductors consists of a transport
equation for each band coupled to the Poisson equation for the electric potential

ny i af[-] eEi af[-] _ =

W+U(k)§+7m—C[fH,fG]‘FI[fH,fA], )
__9%

E; = ox,’ 3)

€A¢p = —e(Np — Ny —n+p), 4)

where € is the dielectric constant, n, p, Np, N4 are the electron, hole, acceptor and donor
densities respectively. e is the absolute value of the elementary charge. The indexes H and
G can be + (light holes), — (heavy holes) or SO (split-off band). The model is completed
by adding the transport equations for electrons in the conduction bands which are coupled
to those for holes through the recombination-generation terms Z[ f, f], where the index A
runs over the considered electron bands or valleys.

Clfu, fc] comprises intra- and inter-band acoustic, non-polar optical and impurity
scatterings in an additive way. In the linear approximation each of them is written as

CLin. fol = / Ak [P (k. k) £ — P (kar, ki) fo]

with P (ky, kg;) being the transition rate from the state with wave vector ky to the state with
wave vector kg;. This latter belongs to another band in the case of inter-band collision.
In the sequel we will make use of the detailed balance principle which both for intra-band
and inter-band transition reads
€y — &G + Ang

P(kg, kn) = exp [— KTy i| P(kn, kg), (5)

where Ayg is the difference between the bottom of the energy bands. Apgg is zero for
intra-band transition and for inter-band transition between light and heavy holes.

In detail the scattering mechanisms are taken to have the following scattering rates
[24, 25]. All the physical parameters are summarized in table 1.

e intra-band non-polar optical phonon scattering
N,
Pk K) =K, P SEK) — Ec(K) F hawyp],
(k, k') p[NoerJ [Ec(K) (K) F hrwgp ]

(D,K)*

C o, _
where § is Dirac’s delta, K,, = 872 pwny

phonon distribution at equilibrium
1

Na = s
P exp(hwyy/kpTr) — 1

is a coupling constant and N,, is the optical

(6)



J. Phys. A: Math. Theor. 41 (2008) 215103 S L Rosa and V Romano

Table 1. Values of the physical parameters used for silicon. The values have been taken according

to [26].

me Electron rest mass 9.1095 x 1078 g
q Absolute electric charge 1.60217733719 C
my Split-off band mass 0.57 m,

1L Lattice temperature 300° K

P Silicon density 233gcem 3

Vs Longitudinal sound speed 9.18 x 10° cm's ~!
hwe,  Non-polar optical phonon energy ~ 0.0612 eV

€ Relative dielectric constant 11.7

€0 Vacuum dieletric constant 885x 1078 Ccv-lym-!
€ Absolute dielectric constant €,€0

A Band parameter 4.22

B Band parameter 0.78

C Band parameter 4.8

e intra-band acoustic phonon scattering
N, 1
Pk, K) = Kq T =1 +3m-n)HS(EK) — E(K) F hiquy),
(k, k) ,q[Nq+1]4( (m-n)?)é(E (k) (k) F hgvy)

where the acoustic phonon wave vector is approximated by [25]
q = x/ikx/l —n-n,

’:2 . . . .
Kac = g2ty withn = k/k,n" = K'/k’, v, is the longitudinal component of the sound

speed.
e intra-band impurity scattering

1+3m-n)?
"B+
where, with the same approximation as for the acoustic phonon,

Z%n;et

—I, q:x/ik«/l—n-n/,
4hm2e?
with Z being the impurity atomic number, 7; the impurity concentration and g is inverse
Debye length

Pk K)=K 8(E. - &),

Kimp =

ne?
ek B TL '
e inter-band non-polar optical phonon scattering. We will adopt the approximation of
writing this scattering as the intra-band case
e inter-band acoustic phonon scattering. The only difference with respect to the intra-bands
case is the change of the overlap factor
N, 730 —(n-n)?)
Ny +1 4
with kg and K’ belonging to the H-band and the G-band respectively.
e inter-band impurity scattering. Also in this case the difference with respect to the intra-
band scatterings is the change of the overlap factor
(1—(m-n')%
(B> +q°)?

ﬁ:

Pky,K6) = Kacq [ §(E(K'G) — Ec(kp) F hquy),

P(k, k/) = 3K:imp 8(5(,‘ — 50),



J. Phys. A: Math. Theor. 41 (2008) 215103 S L Rosa and V Romano

o clectron—hole generation recombination. It includes several mechanisms. We will
consider the most important ones for Si that is the Auger and the Schockley—Read—Hall
processes in their relaxation approximations [19]

2 2
Il fa, fz] = —Talnangfa —nani"Mul — I'glnang fz — ngni" Mgzl
ngfa —ni*tMa
T(n+n) +T(p+n;)’
where "4 are constants, M4 the Maxwellians normalized to unit density, T4 the carrier
life time and n; the intrinsic concentration. The t4’s will be assumed constant.

Remark. The direct integration of the transport equations requires a huge amount of CPU
time and it is not practical for CAD purposes. Our aim is to develop a macroscopic model
more suited for engineering applications starting form the kinetic approach.

The simple drift-diffusion model is affected by serious drawbacks at submicron scale and
does not contain the energy as dynamical variable. Therefore one looks for hydrodynamical
models. A consistent hydrodynamical model on MEP has been formulated in [18] assuming
a single parabolic band. Here we extend such a model by including the warped effects and all
the three valence bands.

3. Macroscopic balance equations

Starting from the Boltzmann equation (2), it is possible to obtain the macroscopic equations
for the holes multiplying equation (2) by a weight function ¥ = ¥ (k) and integrating with
respect to k over R>. If one indicates with fj; the hole distribution in one of the bands and
sets

My = /R W) fir(x, K, 1) dk,

which is the moment of fy relative to the weight function ¥ (k), the following equation:

oM E
o1 v +/ YOV - Vyfrr dk + o / V(K Vi fu dk=/ Y (KC[fn]dk (7
t R3 h R3 R3

is obtained. Noting that both ¢ and v do not depend on the variable x we can write

f Y)Y - Vs fu dk = Vi - / YOOV fi dk.
R3 R3

Moreover, applying the Gauss theorem and noting that f has to rapidly tend to O as k tends
to oo in order to guarantee the existence of the integrals, we get!

My 8 [ B [0
s [ wiovt k=S [ S puak= [ woctfuldk ®)

First, we set ¥ (k) = 1 and get the balance equation for the hole density
dpu , (Vi)

= puC,, 9
o1 oxi Pa%p ®

where
pu = / frdk is the hole density,
RB
1

V;I = — v fy dk is the average hole velocity,
PH JR?

1
Cp=— / Clfuldk is the density production.
PH JR’

! Einstein summation over repeated letters is understood.

6
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As the second weight function we take ¥ (k) = iik’, i = 1, 2, 3 and after some simple algebra,
we get the average crystal momentum balance equation

d(puPh) d(pnUy 4 :
(pgt H) + (pal; H) — preE! = PHCfoH, ji=1,23, (10)

where

Pl =— | nkifydk ji=1,273

is the average crystal momentum,
PH JR?

1 o
UZ = — / frv'hk! dk is the crystal momentum flux,
PH JR?

. 1 ,
C{,H = p_H /l; . Rk CLful(x, K, t) dk is the average crystal momentum production.

Now if we assume that ¥ (k) = £(k), we get the balance equation for the average hole
energy

d(puWr)  3(pusSy) ;
G s — peEiVip = puC,. (11)

where

1
Wy = — / EKk) fydk is the average hole energy,
PH JR?
. 1 .
Sy =— / EK) fpv'dk is the energy flux,
PH JR?

1
Cwy, = —/ EKC[fulx, Kk, t)dk is the energy production.
PH JR?

Finally, let us set ¥ (k) = £(k)v/, j = 1,2, 3, obtaining the balance equation for the energy-
flux

a(puSy)  d(puFy i .
PSi)  NonTi) _ e = puc,. (12)

where

1 o
F =— f Ekv'v! f dk is the flux of energy flux,
PH JR?

P R 110
G = — = fu———dk,
T py Jeo Ju ok’

. 1 ,
CéH = p_ / EK)V/C[ fyldk is the flux energy production.
H JR?

With this choice of the functions v (k), our model is given by the following system of balance
equations for each population of holes:

opH N d(puVi)

—_— - = c,, 13
ot ox! prtp (13
d(puPh)  3(puUy) < :
_ i j L
a7 + %7 pueE’ = pHCPH, j=12,3, (14)
dpyWy  9(puS: .
Plgt =+ (gljci ) — pueE;Vy = puCw,, 15)

7
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O(pnS) , d(puFy)

o G~ pueEiGy =puCl,  j=1,23, (16)

where py, Vg, Wy and Sy are assumed as fundamental variables since they have a direct
physical meaning. Therefore there is the problem of closing the system (13)—(16) by
expressing the fluxes Uy, F;/, G and the production term C,, C}, , Cw,, C{_ as functions
of py, Vlii, Wy and SZ,.

4. Maximum entropy principle and closure relations

In order to get the closure relations for semiconductor hydrodynamical models, many strategies
have been proposed, often without any consistent mathematical or physical rationale [27]. In
[15-17], the MEP [28-31] has been used to solve the problem of finding self-consistent closure
relations for electron macroscopic balance equations, both for Si and GaAs. Here we employ
MEP to get the required closure relations for the system (13)—(16).

According to this principle, if we have a finite number of known moments for each
band H

MH,[X Zf wafHdka H=_a+a SOa
R3

then the distribution function f}‘,” E_ which can be used for an evaluation of the unknown
moments, corresponds to the extremum of the entropy functional, under the restrictions

My = / Vo fiy " dk. 7)
]R3

The formal setting of the MEP has been developed in the framework of the information theory
by Shannon and applied for the first time to statistical mechanics by Jaynes [28]. He showed
that many questions of classical and quantum mechanics can be reformulated as statistical
inference problems where the MEP distribution represents the least biased distribution with
respect to the only knowledge of a finite number of moments.

In the case of a sufficiently dilute hole gas the entropy functional, according to the classical
limit of the expression arising in the Fermi statistics, is for each population

~ka [ (Futog i~ fin) dk (18)
R
while the total entropy reads
s=—ka 3 [ (Futog fu— fi) dk (19)
H VR

By introducing the Lagrangian multipliers A y o, looking for the extremals of the entropy
is equivalent to looking for the extremals without constraints of the following functional:

s'= Ana ( / Vo fr dk — MH,C,> —s (20)
H,«x R

which is the Legendre transform of the entropy functional s. From variational calculus,

8s' = kg Z/ Sfrlog fudk+ Y Ay f Vi.adfr dk = 0
VR Ha R’

for arbitrary fy. Therefore for each band H,

AH,D(WH,O:

=0
kg

log fy +
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from which we get the maximum entropy distribution function as

AH,awH,a
ME _ exp <_ > T) : (21)

o

If we make the choice of the weight functions ¥y = (1, v, £, £v) for each band H = +, —,

SO, one has to introduce the Lagrangian multipliers Ay = (AH, )\Z, XVHV, )\;91) and the
maximum entropy distribution function reads
1
ME _ exp [— <k—)\H+>\,’; VHANE NS, -v5>]. (22)
B

In order to complete the program, it is necessary to express the Lagrangian multipliers in
terms of the fundamental variables by evaluating the constraints (17). On account of the high
nonlinearities, we were not able to find out an analytical explicit form of the multipliers, but,
by proceeding as in [15], we expand £}/ with respect to a parameter of anisotropy & and solve
the resulting equations at several orders in such a parameter. In particular with the previous
choice of the weights in the moments, one expand f}/£ as

1
ME — exp [— (k—AH FANE+ AL v+ Ay ~VE)]
B

= exp <_é’\*’ —,\W5> [1 =8 (A5 - v+ AL -vE)] +0(5). (23)

For the split-off valence band, since a parabolic approximation is used, we are in the same
case considered in [18]. For the other two valence bands, the situation is much more involved.
In the following sections by using the distribution in (23) we will able to obtain up to first
order in § closure relations for the system (13)—(16) also for light and heavy holes.

5. Determination of the Lagrangian multipliers

The first step in order to get the required closure relations consists of expressing the Lagrangian
multipliers as a function of the moments, that is, with the previous choice of the weights, as
functions of py, Vg, Wy, Sg. To this aim, one has to solve the following nonlinear algebraic
system (in this and the following section we will drop the band index for simplifying the
notation):

p= / M dk, (24)
]R3
1 ME

Vi=— | v f""dk, (25)
P JR?
1

W= _/ £ FME gk, (26)
p Jr?
1

S = — / v, € FME dk, (27)
P IR

where fy, g is approximated from now on with (23). By introducing the polar and azimuthal
angles ¥ and ¢ with respect to the main crystallographic axes, the expression of the energy

valence bands can be rewritten as
272

&) = 2m

[AFg®, 9] (28)

9
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where

g, @) = \/B2 + C2(sin? ¥ cos? ¥ + sin* ¥ cos? ¢ sin? @)
and the element of volume dk can be written as

Bnd?
fh"j VEIAF . 9] dedg,

dk =

with dQ = sind d¥ dg being the element of solid angle. Moreover the unit vector n has
components (sin ¥ cos ¢, sin ¥ sin ¢, cos 1)

In the following we will make also use of the fact that for integral over S2, the unit sphere
of R3, one has?

' ' 0 if k is odd
[ pvdQ =1 4x . 29
/52 T sinia | gik-i) if k is even. 29

k+1
The starting point is the following crucial relation:

Proposition 2. The Lagrangian multiplier relative to the energy up to first order in § has the
same expression as the parabolic case

)\Wzi
2W°

Proof. According to the representation theorem for tensor-valued isotropic functions, W must
depend on A” and A® only through their modulus. Since the integrals

1
f exp <——A - ,\W5> AP v+ XS vE) dk,
R3 kp

1
f Eexp (——A — )\Wf:) AP v+ A5 . vE) dk
R® kg

are linear in A” and A5 they must vanishes. Therefore the constraint (26) gives
_ Jgs Eexp ( — é)» —v¢€)dk _ f0+°° E32 exp(—AVE) dE 3

w = = S
Jwexp(—h—aVE)dk [T E2exp(-AVE)dE 22V

after we have used the relation valid for any a, v > 0

o0
r
/ x"lexp(—ax)dx = (v)’
0 a’

with I"(v) being the special Gamma function, which satisfies for positive integer p,
1 JT
Clp+=)=—Cp—-DH
(p 2) o 2p—D
O

Once 1" has been explicitly determined, we can evaluate the other constraints. For the
Lagrangian multipliers relative to the density, with consideration similar to that for A", one
finds

h3p
2012 (m W /3)3/2

A = —kglog with Jy = / D374,
Sz

2 Round brackets means symmetrization, e.g. Ajj = %(A,‘j +Aji).

10
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Table 2. Values of the parameters entering in the constitutive relations.

Heavy Light
Parameter  holes holes
Ji 4,945 21 0.777 36
Jp 15.3740 6.859 86
J3 6.593 62 1.036 48
Js 38.4350 23.3588
Js 27.7599 0.190 82
Js 9.253 29 0.063 61
J7 —4.38055 —0.02978
J3 16.3034 0.402 86
Jy 20.3154 0.418 760
Jio —7.71068 —0.188 442
J11 38.0139 2.666 28

where

D = A F B2+ C2sin? ¥ (sin? ¥ sin? ¢ cos? ¢ + cos? ¥).

Concerning A” and A% from the representation formulae we have

A = b (W)V + b (W)S (30)
A5 = by (W)V + by (W)S @31

Evaluating the constraints (14) and (16) one gets

7me J1 3me Jl 9me J]
by =— —, b1y = by = —, by = — —, 32
1 A 2 =by =277 22 SW 7, (32)
where
T
S / D2 cos” 9d2 with
2B%+ C?sin’ ¢ 1
7=[2a7 o —
/B2 + C?sin? 9 (sin? ¥ sin? @ cos? ¢ + cos? ) | /D

The integrals J; and J, do not depend on W. They have been evaluated with standard numerical
methods and their numerical values are reported in table 2. In the parabolic band case we have
evaluated J; and J, analytically, obtaining

A n’ 3
= _log P 3/2° )"W = 9
ke (3m3y W) 2w
P__ZlmHV+9mHS )\529’”11 _27mHS
4w 4w2™’ 4W?2 20W3

and the distribution function given by the maximum entropy principle becomes

3 * *
e _ exp (— W;S)zp [1 B (_ZImHV+ 9m>;,s> Vg <9mHV_ 27m}k{S> .V} '
(damiw)” 4w 4W? 4wz 20W3

(34)

11
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6. Closure relations: fluxes
Since f ME is now explicitly expressed in terms of the moments p, V, W, S, we can evaluated
all the unknown moments present in the system (13)—(16). In this section we will consider
P1]1 and the fluxes U", F", GY. First we observe that, as in the parabolic case,

P}, =m*Vj, (35)
where m™ is the holes effective mass whose explicit expression is given by
J3
f=— 36
m 7, me (36)

with
T 2
J3=2 — cos” vd2.
52 D
Although the anisotropy of the energy bands, on account of their symmetry, the tensors
U, F, GV are isotropic as stated by the following proposition:

Proposition 3. Up to first order in § one has

U7 =U(W)sY, FYJ = F(W)8", GV =G(W)s",
where
2
UWw)=- W(as in the parabolic case), (37a)
5 L,
F(W — W, 37b
W) = p— (37b)
G(W) Ty (37¢)
= C
2m€ ./1
with
29 2A — T+/D)* ¥ 4B? T T
J4=/ cos32 ( VD) ¥ + — 32003229 de.
D32 /B2 + C%sin? 0 (sin? ¥ sin? g cos?> g + cos29) D DY/

Proof. From the definition
. 1 L
U/ =— [ MEyink/ dk.
P JRr?

Up to first order in §, by using the ¢, ¢, £ coordinates, it is simple matter to show that the
off-diagonal components vanishes while the diagonal terms are given by

1 1 w 2k*B? + C* (k3 +k2)
Uy = / exp (——x—x 5>k dk, dk, dk.
mep kp 2\/ B2t + C2(K2K2 + ko k2 +12K2) |
1 T 2U2B2 + C2 (K2 +k2)
Un = / exp (——n—2Ve) K2 dk, dk, dk.
mep ks 2\/ B2kt + C2(I2K2 + k2 + k2K2) |
1 1y 2B +C2 (K2 +12)
Usy = /exp ——a—aVe) k2 dk, dk, dk..
m.p Jr? kp

2\/ B2k + C2(k2K2 + ko2 + k2K2)

12
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where k is the modulus of k. Since £ is invariant with respect to any permutation of the
axes (proposition 1), it follows that Uj; = Uy = Uss, that is the tensor U;; is isotropic. By
evaluating Us; in the 9, ¢, £ coordinates, one has (37a).

With similar argumentations the isotropy of F;; and G;; is obtained along with relations

(37b) and (37c¢). O
The values of J3 and J4 are reported in table 2. In the parabolic band limit one has
2 iy .10 iy g iy
U’ =Zws, wFY = — W2, G’ = W' 38
3 " 9 3, %)

7. Closure relations: production terms

Now we turn our attention to the closure relations of the production terms. Since the various
scattering mechanisms contribute in an additive way, we consider them separately.

7.1. Intra-band non-polar optical phonon—hole scattering

By using the chain of equalities

fu@ vRCLfnlx, k, 1) dk = //R} . Yy ®[PK, k) f(K)— Pk k) f(k)]dk' dk

= [, 00— s oo s

we get the following expressions for the production terms:

cyP =0 (39)
CP =PV P st (40)
P = KopyW 2 L[N,y By — (N,p + 1)By] 41)
Cfg(”[’) — Cé{ip)vi + C;‘;{’)Si’ (42)
where
(op) ‘]3 K:OP -3/2 ’ ” ’ ”
¢y = 2h—W [Nop(=b11 B} +b12B) + (N, + 1)(—=b11 B, + b12B;)],
Wop
on _ IRep s B by By + Ny, + 1) (—b1aB, + by B
R [Nop(=b12B| +bnB) + (Nop + 1)(=b12B, + b B,)]
op
C(OP) _ JZICUP W—3/2[N b B —b B///) +(N,, + (b B _b B///)]
21 — 2mehw0,, op\U11 D 12D op 11Dy 1207 )1,
(op) _ JZIEOP W—3/2[N ) B’ — b-B" N O(bi-B! — by B
n =T op(b12B) 2B]") + (Nop + 1)(b12B; — b B))].

2mhw,,

The coefficients b;; are given by (32) for light and heavy holes and by (33) for the holes in the
split-off band. The prime refers to the derivative with respect to A" while

AN R, AW
Bi(A") =exp (ha),,,,T) Tv‘l’)Kl (ha),,,,7> , (43)
B,(\") = exp(—hw,, 2" B (A7), (44)

13
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with I" being the Gamma function, K; the modified Bessel function of second kind of index
1 and

. _3(me)3/2a)op 3/

Kop = 2 Kop-
We recall that for the computation of the derivatives of B; and B, the recurrence formulae
, n n
K, (2) = ZKn(Z) — Kn1(2), K, (z) = _;Kn — K,1(2)
can be used.
In the parabolic case one has
cyP =0, (45)
Cy” =PV s (46)
CY = 311wpKop W /*[Nop By — (Nopp + 1) B3] (47)
Cg((’[’) — cé’;]’)vi + c;;[’)si’ (48)
where
i = RopW2[Noy(—b11 B] + b1z B)) + (Noy + 1)(=b11 By + bin B)],
A\ = KopW2[Noy(—b12 B] + b BY) + (Nop + 1)(=b12 B} + by B})]
&5 = W NG (b1 BY = biaBY") + (Nop + D)(b11 B = bia B,
H
0, l€0 — 4 " 4 "
&5 = —LW RNy (b By = b BY') + (Nop + D(b12B} — b B)].
H
with Ia()p = 8(’”)&);:3/2\/51 op

7.2. Intra-band acoustic phonon—hole scattering

First of all we observe that by using the principle of detailed balance (5), the moment of the
collision term with respect to the weight function v (k) can be written as

My = fR . v(K)[PK,K) f(K)— Pk K)f(K)]dK dk

&-¢

= / Y (K) Pk, K)[f(K)est — f(k)]dk' dk
R3xR3

= %Kacq {/ N,(1+ 3 cos? MEE — &€ — ha)q)[f(k’) ek%i — f(k)]x//(k) dk’ dk
R3xR3

&—

+/ (Nq +1)(1+ 3 cos? MSE - & +hwq)[f(k’)ek8’i - f(k)]l//(k) dk’ dk}.
R} xRR?

(49)
By expanding N, in Laurent’s series with respect to hw, /kp Ty

Nr\,kBTL 1 iha)q +0<hwq>’

g = - —+
ha)q 2 12 kBTL kBTL

and by taking into account that the phonon energy can be expressed as

heoy = 205 ™€ (1 —new)
= 2V —_ . s
(,()q X D

14
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after a lengthy calculation one gets the following contribution to the production terms due to

the acoustic phonon scattering up to first order in ,/m,v? / kpTy:

where
ac 27
051 Y=
16/,
27
(ac) __
EEETYA
. 27
(ac) __
T YA
X 27
(ac)
Con =77
16J,
with

IC;CW%/Z { e

w3 { 1024m,v?

C;ac) — O, (50)
C;J(ac) _ cﬁc‘)vi +C$§C)Si, (5D
J 3
o) _ _gmevfj—sic;cwl/z <W - EkgTL) : (52)
1

C) =51V + 50, (53)

128mi?

81kpT, (Jo — J7)

(64m§v3]6 256m>v2 J; 64mekBTL]8) W2
27 27 27

8m2v2kp Ty
3

' -3 { 128m2v?

(8.]7 + Jﬁ)W} y

e

45kpTy,
(64m§v3J6 256m2v2J; 64mekBTLJg)W

(J7 — Jo)W?

ac

45 45 45
sz Ussz TL

5 (817+Js)},

. (Jo — Jig)W*

8lkpTyL
25611161)3.]10 128mev3J9 128kBTLJ1] 3
+ - + w
9 27 27
32m,v2kpT, J
+ —mevs BL 8Ji0 + 2 VV2 s
9 3
1024m,v?
/ —3/2 Vs T — J W3
. {—SIkBTL (J10 — Jo)
—256mev3]10 1281’”61)52.]9 128kBTL.111 2
+ + — w
5 15 15

32m,v2kpT, J
+M<8J10+?9)W},

a

15

43"
= \/_—mKac- (54)
9 12k,

Js, Js, J7. J3, Jo, Jig, J11 are defined in the appendix. Their numerical values are reported in

table 2.

In the parabolic case one finds

Ccy9 =0 (55)
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CzP(ac) YiL)VI + (ac)St (56)
3
CE = —64mi 2K, W2 (W - EkBTL) (57)
C =0V + st (58)
where
o_ ¢ 164 688 _, 352 _
Ci‘; ) — {bll |:16kBTL/)»W +mH < 15 kBTL — kal + F)‘Wz/kBTL)}
1 , (328 688, 1408,
+b12)\ 48kBTL/Aw+mHU kBTL — _)‘W +—)\.W kBTL y
15 5 15
164 688 352
CY;) = aCWI/ { |:16kBTL/)»W +m’,‘1v§ <Fk3TL — F)\.a/l 15 — Ay /kBTL>:|
B 328 688 _, 1408 _,
+b22)\w SkBTL/Aw+mHU kBTL__)\W +—)\. kBTL y
15 5 15
2 408 912 1408
4o — 1y —
ac by |48kpTL /) kpTp — —Ay +——A kpT,
€ 3mH {11[ BTL/hw +miv; (5 BIL 3 15 W/B L)i|
224 3648 1408
+b12)\;‘,1 [192k3TL/)\W +mHv ( 5 kB L — T)x ! T)\_z/kBTL>j|} s
2 408 912 1408
cao) _ 32 ~1 -2
KaeW bip |48kp T /Aw + kpTp — —Ay + ——A kT
Cy = 3, {12[ BTL/Aw +mpv; (5 8T ——hy 15 W/BL)]

1224 3648 1408
+b22)\a/1 I:lgszTL/)\W +m}’;vf (TkBTL — T)\ﬁ/l T)\ /kBTL>i|}
with

3/2
o 4Bmy)! 43amy"”
ac — 9h4 ac-

In figures 3 and 4 the coefficients c;;’s and the energy relaxation time are plotted.

7.3. Intraband scattering with impurities

In the case of heavy and light holes the contribution to the production term due to the impurities
is given by

cim =0 (59)
Cym™ = Py 4 gt (60)
ci™ =0 61)
Cg(imp) _ Céilmp)vi + Céizmp) S (62)

where

e _fan a2\ (bu b
g e g21 qn) \biz bxn

16
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with
2 e’iim
gy = Zelimp y, 32 / ay(E,n,n) e dE dQ dSY,
Ji [0,00]x §2 x 72
2meI€im
g = 2meKim 30 / a1 (€, m, m)E e e de,
J1 [0,00]x S2 x 72
K
g2 = ﬂW*”/ (&, n, ) e dEdQ ALY,
Ji [0,00] x §2 x 572
laimp -3/2 Ne a—rwE /
gpn=——W7 ax(E,n,n)Ee " dEdR AR,
Ji [0,00] x S2 x §2
1+3m-n)?
ai(€,n,n) =& ; 4m(5(1_n?n/) [T (9, ) cos® — T (9, ¢") cos ']
(/3 + £2D(0,¢) )
x D729, ) D329, ¢') cos ¥,
) ;  1+3(m-n)? ;o /
wnE,n,n)=¢& T 2[T(l?, p)costt — T (P, ¢") cos ']
(/3 + f:zD(ﬂ,w) )
x D729, ) D29, ¢')T (9, @) cos B,
_ 3 3m,
Kimp = W _Kimp~ (63)

The integrals appearing in the coefficients g;; can be evaluated by using Gaussian quadrature
formulae with respect to energy and iterated standard formulae for simple integral, e.g. Simpson
rule.

In the parabolic case one has

cim? =0 (64)
Cp™ =[PV 4 ey P! (65)
cim™ =0 (66)
Cg(imp) — C;ilmp)vi + Céizmp) S (67)
where
(imp) _(imp)
i C\  [aun g2 (bu b
e ) g21 gqn) \bi2 bn
with

o0
q11 = KimpW ™/ / d(E)e M dE,
0

o0
q12 = Kimp W/ f D(E)EeME(E,
0

g21 = qi2/myy,

¢}
g2 = KimpW " / D(E)ET e e,
0

64a’E? +48aE+9  160a’E? + 84al +9

o = log(1
&) Og( +8a&) 256a2&2 32a&(1 + 8af)
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I \/gnIZze4 miy
H = a = ——.
imp )

3/2 /7m»;162 h2ﬂ2

7.4. Inter-band non-polar optical phonon—hole scattering

For the holes in the A-band (A = +, —) we get the following expressions for the production
terms by taking into account the inter-band scatterings with the holes in the B-band
(B = +)’

Ko
CI(,"") = —2 (15 +714) (68)
haw,,
C;'D(op) _ Ciolp) Vz + Cgp) SA (69)
K
C(Dp) = op + 70
Y T (Y28 + v24) 70)
Cg(op) _ cé‘imv’ + Cgozp)SA’ (71)

where

ho,
— JAw;PLERE N, exp | —ha, +(N,, + e o )t
V1B 1 g Pa p EXP Wop B kBTL (Ngp + 1) exp kBTL

Yia = —JEW, 2B [Ny + (Nop + 1 exp (— hwopAA

-3/2PB
y, =—JA Wy {NG ex |: hw, < >i|
2 ! DA p 5P v kpTy

+(Nyp + 1) exp [ha)o,, (,\ygv _ kngL>] (Bf)/}
VoA = J1 W_%/Z[Nop(BlA), + (Nop + 1)(BZA)/)]7

0 J ] ’Co _ ’ " ’ "
ey = TRy 2Ly ot (B0 b (B )+ (N Db (BE) +b15(82))]
1 1Wop
(op) _ JAJ K:UP W—3/2 _bA BA 4 bA BA 4 N 1 —bA BA / bA BA "
Cia __21 7 [Nop (=12 (BiY) +b25(Bi') ") + (Nop + D(=b15(B3) + b3 (B3)")].
1 1Wop
s = SRy s (o (1)~ BB )+ N+ D0 (B~ b (82) )],
21 27 m p (011 12 p 1 12
0 J J ICO _ 1 " ” "
ézp) #WAWZ[NOP(Z’?Z(B?) _bfz(BlA)/)"'( 017"'1)(”142(3?) _b?Z(B?) /)]
i Mehwop
Here B/ and B? are the functions appearing in (43), (44) with the energy Lagrangian multiplier
W equals 0 AV = W and A} = ﬁ respectively. Moreover b} are the functions b;;

appearing in (30), (31) relatlve to the A- band

7.5. Inter-band acoustic phonon—hole scattering

One gets the following contribution to the production terms due to the acoustic phonon

scattering up to first order in ,/m,v?2 / kpT;, with a meaning of the symbols similar to that of
the previous subsection:

C(ac) 3IC;L(§]A +18) (72)
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i(ac) __ (ac)y,i (ac) qi (ac)ysi (ac) qi
Cp™ =cliaVat+cnaSa+ciipVp+c5Ss
) _ 3
W = 3K (Can + C2p)

i(ac) __ (ac)ysi (ac) @i (ac)yri (ac) @i
Cs™ =y aVi+epaSy+cyp Ve +cnpSe

where

PB
tip = TkBTLIIWI/z,

pPaJq
1
S1a = ——AkBTLhW,l;/z,
Ji
oy = LE 64m 021 w2 _
pA.llB SlkBTL B

27 27

’

(73)
(74)

(75)

160 32 20
(—mevszlg — kBTL11> W;/z + ?mEUEISkBTLWé/Z} s

1 [ 64m,v2l 32 32 4
Oop = — [ s D wi <—mev313 - —kBTLh) W + §mev313kBTLW/§/2] ,

JA L 8lksTy 27 27

(ac) 27 y -3/2 { 1281’)’[21)3 3 (641’)’[31)52[4 _ 64mekBTLI5> W2

= , +
AT Qe oA | 8lkgry, A 27 27 A
8m2v?kpT,
LT L14WA},
3
(o) 27pg ., 3| 128m20? , 256m2v? ,  64m2vlkpTy
g =177 7 8%acs —i 7 W= — 57— IsWig+ —————1Is |Wa ,
16paJy 81kpTy, 27 3
. 27 _ 128m2v? 64m2v21, 64m kT I
) = K Wy R 3 (el TR Yy,
16J3 45kp T, 45 45
szvkaTL
_‘—14 s
15
(@) 27ps ., 35 [ 128m2v? ,  256m2v? 64m2v2kp Ty
Ci28 = T 78 NacB = AWy — ——— W — ——— I ¢,
16pA./2 45kBTL 45 15
o _ 2T e [1024me? o 128mall 128keTuls |y
C = _ —
AT qegp e A 8lksT, 4 27 27 A
32m,v2kpT,
+ —m Us B LI7W§ y
27
27 1024m,v? 256m,v? 256m,v2kgT,
(ac) PB . 372 eUs 4 eUs 3 eUsKBIL 2
- _—PB — el powd o T2 gy D2 TETL w2 L
AR TT IV { 8lkgT, = ° g 2UF 9 ? B}
27 1024m,v? 128m,v? 128k T,
(ac) / -3/2 evs 3 evs BIL 2
= X - LW I; — Ig | W
24 = Tgyp acla { 8lksT, A ( 5 15 8) A
32m v2kpT,
+MI7WA i
45
27 _ 1024m,v? 256m,v> 256m,v2kpT,
) = ZPB o w32 T s 2R g ST L Y
16paJ, 81kpTy 5 15

The integrals I; are defined in the appendix where their numerical values are also reported.
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7.6. Inter-band scattering with impurities

The contribution to the production terms due to the inter-band scattering with impurities is

given by

i = -3/2 -3/2
C(lmp) =2meKimp(r]3WB / +r1AWA /)

i(imp) __ (¢ (imp) ( imp) 3/2 (imp) (1mp) 3/2
Cp ( Clia VA Cloa SA)W +( CliB Vl Clog Sl)W

C‘(}:/mp) —-3/2 )

=2mel~(imp(r23W_ 3/2 +r2AW
i(imp) __ ( (imp) (imp) 3/2 (imp) (imp)
Cs = ( coa Vi + Coon SA) ( g Vi +Chp SB)

where for X = A, B

(imp) (imp)
clix  Clax _ [(aux qux\ (bux  bux
cme) e ga1x  qux) \bix bunx

rp = pBB / E403(Ea, ma, mp) €M AE L 2y A2,
pAJ] [0,00] x S2 x 72
1 N A=A E /
"a=-——3 Ea03(E4,np, N ) € WAdgAdQAdQB,
J{ J10,001x 52 % 57
__ PB 2 N a—rEEL /
rap = 3 Ea"a3(Eq,mp, mp) €7 VAAE 4 dS24 A2,
PAJI [0,00]x S2x S
1
A =——= / Ea2a3(E4, mp, ng)) e VA AE 4 AR, AR,
J1 [0,00]x §2 x §72

2m,. K,
g = teBim / @14 (Ex, i, ') €M dE 2, A2,
J] [0,00] x §2 x §72

2 1m]
2meKiny py o15(E4, mp, mp)) € M0ES AE, A2, A,

qiip =
JE P Jio.corxsixs?
2m i{ A
qiap = 2 / Ea14(E4, i, ) e 461 dE 4 A ALY,
1 [0,00] x §2 x §72
2m,K
qi2p = % iA / o Eacip(E4, My, mp') e HHENAE, dQ, AR,
1 B J[0,00]x82x S
f(imp N A=A EL /
Q14 = —7 024 (Ea, Ma, mp’) €7V AE L A2y dS2,
JI J10,001x 52 x 572
K.
q218 = ¥p_3 o2 (Ea, Ma, mp') €M AE L 2y 2,
Ji7 pa J10,001x 82 x 57
i(imp N a=AyEa ’
gna = A Ea0ra(E4,np, ") e WAAE L dQ 4 R,
1 [0,00]x §2x §72
Kimp PB
e / Eatan (€4, My i) @ 454 84 4024 02,
1 A J[0,00]xS2x 52

3 —3(ns -ng)?

2 4m.E(1—ny -ng’)
(ﬁ 12Dg(Va.04) )

(z‘/‘B,(pB)cos D4,

a14(Eamp,mp') = E4° STa(a, 0) D (04, 04)
3/2
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> 3=3(ma-np)?

2 4 4meEa(1=ny -np’)
(B + 5 o)

aip(Eana,mp)) = —E4 ST (05, @) D2 (94, 0a)
—3/2 /47 / ’

x Dg™" (g, pp) cos ¥4 cos P,

3 —3(ns - np)?

2, 4mEq(1-ny -np))2
(B2 + 2 Gro)

x Dy 2 (8, @) cos? 94,
3 3—3(ny - nB/)2

2 4 4meEa(l—my -np’)
('B + 12 Da(Fa,00) )

X D;m(ﬂA, ¢A)D;3/2(0g, @) oS ¥ cOS Vg,
3 —3(ny -ng')?

2 4 4meEx(1—ny -np)\2
('B + ;lZDA(ﬁAJﬂA) )

@24 (Eqmp,np) = E4° T2(04, 9A) D> (04, 9a)

orp(Ea,ma, ) = —E4 5Ta(a, ) Ts(Dg, )

@3(E4. np, Mp)) = D, @)Dy (9. @lp).

7.7. Generation-recombination terms

Here only the productions for holes are written. Of course similar terms must be also considered
for electrons. However the latter ones can be easily obtained with a similar procedure.

At variance with the other scatterings, the density of each population of holes is no longer
conserved, but we have

2
np —n:

CGR — _ 20— on?) — = (n2p — nn?) + i ) 30
’ a(pim = pm) = L O =) e e
For the other production terms, one finds

. . . npPi

CH® = _Typ*nPl, —T-n’pP! + 2 81
F HPTH At Pl Th(n+n;) +1.(p+n;) 61

npW — n?Wy

Cy® = —Ty (pP*nW — pniWo) — Tz (n* pW, — nn? W) + ' 82
v n (P P Wo) 3 (" pWe = nn Wo) T (n+n;) +t.(p+n;) (82)
. . ‘ Si

CUOR = Ty pPnSi, — Dan?pS: + "Pou (83)

T(n+n) + T (p+n)’

where W, is the electron energy, P! is the electron average crystal momentum, S! is the

electron energy flux and Wy = %k Ty is the crystal energy.

8. Energy-transport and drift-diffusion limit models

Macroscopic models, simpler than the hydrodynamical ones but widely used in simulations,
are represented by the so-called energy transport models, which are constituted by two balance
equations: one for the density and the other for the energy. Starting from the energy-transport
model in the isothermal limit one recovers the drift-diffusion models and an expression of the
hole mobility based on MEP.

In principle on account of the coupling between electron and holes by means of
the generation-recombination terms, the energy-transport model should comprise also the
analogous equations for the electrons. However the typical time for the recombination
generation interaction is much longer (about a nanosecond) than those of the hole—phonon
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Figure 3. Coefficients c;; versus energy for heavy (continuous line) and light (dashed line) warped
bands and for the parabolic band (dashed-dot line) in the intra-band case, neglecting scattering
with impurities.

scattering (a fraction of picosecond). Therefore in situation where the characteristic time is
of few picoseconds, e.g. simulation of MOSFETS, the generation-recombination terms can be
neglected and the constitutive relations for holes and electrons decouple. This approximation
will be assumed in the present section. Moreover for the sake of simplicity we consider only
intra-band scatterings. Inter-band scatterings can be included in a straightforward way.

First we rewrite the hydrodynamical model for holes in the form

pn N (puVi)
ot oxi

b(puPh) (ot
ot ox/

=0, (84)

—epnE! = py [(ctt(Wi) Vi + ca(Wp) Sy ], (85)
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Figure 4. Energy relaxation time as function of the energy W for heavy (continuous line) and light
(dashed line) warped bands, and the parabolic band (dashed-dot line) as in figure 3.

puWu (pu _ i) P _pHH—O’ (86)
at ax! Twy

a(puS’)  d(puFy i v i i
8Ht + ( Ol H) - epHE Gj = PH [C21(WH)VH + 6'22(WH)S1-1] ’ (87)

with Wy = 3/2kpT; and with an obvious meaning for Ty, (the energy relaxation time),
cit(Wn), co(Wg), cai(Wh), co2(Wh).
As in [32] let us assume that the following scaling:

1
=0 (5_2> , (88a)
1
w=0 (5_2> , (88b)
=0 ! 88
Y= (3) ’ (850
Vy = 0(0), (88d)
Sy = OF) (88e)

holds.

The first condition is a long-time scaling that is almost stationary regime. The second one
means that the energy relaxation time must be sufficiently long with respect to the typical time
of the transient. (88a) is the typical diffusion scaling, while (88d), (88¢) are consistent with
the expansion made to get the closure relations. Under the conditions (88), equating to zero
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at the various order in § the terms appearing in the balance equations one gets the following
compatibility conditions:

pu (P V)

- =0, 89
at ax! (89)
0 Vi 0 St
(puVi) —0 (PuS) -0, (90)
ot dt
3(puUy i i i
% —epuyE' —cuipuVy —capuSy =0, On
d(puW d(pus: o Wy — W,
(PrWn) (pH'H) —epn 'V pa =W ©2)
ot ax! Twy,
d(pnFy i i i i
% —epuE'GY, — coipu Vi — copuSy = 0. (93)

Equations (91) and (93) are a linear system for Vy and Sy whose solution is

Vi =D (Wy)Vlog pg + Din(Wy)VWg + Di3(W) Ve, 94)
Su = Dyy(Wy)Vlog py + Dn(Wy)VWy + D3 (Wy)Ve. (95)

The elements of the diffusion matrix D = (D;;) read

2 57 W3 2 10J w J. W
FenWhg — Fent e — Grcnt n — 57cn,t

D — 1 e D — 1 e D —e 1 e
11 ) R=—"-—"" 13 S EE—

C11C22 — C12€2] C11€22 — C12€2] C11C22 — C12€2]

57 w3 2 10/ W, 2 J. W,

srci st — e Wy 2ep ot — 5021 €1 — 57Cio,t

_ 64 me 3 _ 6J me 3 _ Ji me
Dy = , Dy =——"7-——, Dy = —e—————.
C11622 — €C12€21 C11€22 — €C12€21 C11€22 — C12€2]

The balance equations for density and energy (89) and (93) closed with the relations (94),
(95) are the energy-transport model for holes based on MEP. From this latter a drift-diffusion
model is obtained as isothermal limit formally setting Ty, — 0,

Ju =puVue = Du(Wo)Vpy + puD1i3z(Wo)Vé, (96)
opH

By comparing (96) with the expression of J in the form
J=-D,Vpy — popaVe,

one can identify the diffusivity coefficient D, and the low field mobility i 0 as

D, = —Dy1(Wp), mpo = —D13(Wp). (98)
One observes that
2Wy kT
D, = —_— = —_—, 99
P M po 3e M po e (99)

which is the Einstein relation.
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9. Simulations in the bulk case

Here we simulate the case of bulk silicon by taking into account heavy and light holes, which
in this section will be denoted by the H and L subscript. The stationary solution is obtained as
asymptotic limit of the time-dependent problem. The only non-trivial contribution is along the
direction of the electric field which enters into the equation as a parameter. In fact the Poisson
equation is solved taking the sum of light and heavy holes equals to the doping concentration
and a linear electrostatic potential.

In the homogeneous case, with obvious meaning of the symbols, the hydrodynamical
model reads

dpu

T PuCraWy) + prCur(Wr) (100)
d(l’%flvﬁ) — pueE = puCp,.. (Wir) + pr.Cpy, (Wp), (101)
% — pueEVi = pyCuyy (Wa) + piCuyyy, (W), (102)
% = PueEGu = puCsyy Wi) + pLCsy, (W1) (103)
dd% =prCrr(Wp) + puCry(Wg) (104)
d(P*leL) —preE = p Cp,, (W) + pyCp,,(Wy), (105)
% —preEVy = p1Cw,, (Wr) + puCyw,, Wg), (106)
% — peEG, = p.Cs,, (W) + puCs,,, Wg) (107)

Since the total hole density py + pp is conserved, the following semi-implicit Euler
numerical scheme is adopted for the system (100)—(107). We remark that a very stringent
stability condition arises if an explicit method is employed, due to the different charge
concentration between the heavy and light holes.

By denoting with the superscript n the quantities evaluated at the time " and with Ar the
time step "' — ¢", we first advance in time the density, discretizing the balance equation for
the densities with all variables but py and p; frozen at the time step ¢”,

pit+ Pt = ply + b} (108)
Pt = ply = At[pi Cun (W) — P Cur(W))], (109)

and then the energies at the next time are obtained,

wart = iy P (W)t + LE o (Wh) AL+ eEV] Al (110)
H — p,;l H ,;71 W \"'L ,;;1 Whn H H=
wret = Py PH e oy ag o Pl (W ar 4 eEVIA 11
L - pn+1 Lt pn+1 WLH( H) I+ pn+1 WLL( L) r+e fAYS ( )
L L L
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Figure 5. Ratio of the densities versus the electric field.

Once p!, pi*l Wil and Wi*! are known, we discretize the equation for the velocity

and energy flux getting two uncoupled linear systems wherefrom one finds

n

M VI = 11y, VAL + Ciayy Sl AL+ DHm Vi 4 e E At
H
pn+1
+(c11,, V] +c12,,S}) =5 At (112)
Py
pn
Si = oty VAL + 0, S AL+ =2 ST + e EGY AL
H
pn+1
+(c21,, V] + €22, S}) =5 At (113)
Py
pn
mi Vit =iy, VI At +cp,, ST AL+ —Eom} V] + eEAL
pn+1
+(c11,, Vi + €12, Sh) == At (114)
143
n
Sl = Cot,, VIEAL + 0y, SEAL + g1 1 e EGIY At
L
pn+1
+(ca1,, Vi + €22, Sh) an+1 At (115)
L

The band coefficients and the deformation potentials are not given by scattering theory
but they are free parameters also for the kinetic models. Their values are usually fitted
against the experimental data and there are several sets of values available in the literature.
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Figure 6. Velocity of the heavy and light holes as function of the electric field.

1

Electric field (V/microm)

Figure 7. Average velocity as function of the electric field.

We use the physical parameters reported in table 1. Moreover for the heavy holes we take the
same values of the scattering coupling constants as in [18], thatis E; = 5.39 eV and D, K =
13.24 x 10® eV cm™! according to [26]; instead for the light holes we take D,K = 5 x
108 eV em~' [24] and E; = 3.1 eV [33].

The stationary solution is reached after about 3 ps. The results are plotted versus the
electric field. As expected from a physical point of view, the heavy band is more populated
than the light one. The ratio of the concentration between the two bands is reported in
figure 5. Similarly, the average velocity of the light holes is much higher than that of the other
band (see figure 6) according to the smaller effective mass. The total momentum density is
given by

J=puVu+pLVL
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and from this an average overall hole velocity can be defined as
J
pu+pL
V is plotted against the field in figure 7 and a good high field velocity is obtained. We note

that the V is considerably higher than V. This means that calculations with the single heavy
band could underestimate the overall hole current.

10. Conclusions

In this paper, we have presented a consistent closure for a hydrodynamical model for the hole
transport in silicon by using the maximum entropy principle by describing the band structure
with the so-called warped approximation. Both heavy and light bands are taken into account.

Under suitable scaling assumptions, we have obtained an explicit analytical expression
for fluxes and production terms. Limiting energy-transport and drift-diffusion models have
been deduced.

Simulations in the bulk homogeneous case are performed.

Applications to relevant bipolar devices are under current investigation by the authors.
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Appendix A. Numerical coefficients

In this appendix, some numerical coefficients present in the constitutive relation are collected.
The definition of the coefficients J; are given by

Js =/ D32, Y1 +3(m-n)*) (1 —n-n")D%(®, ¢) dQ2dY,
S2x 8”2

T(9,
Jo = / D32, YA +3(m-n)*) (1 —n-n)D3®, ) (2 ¢) cos? 9dQ dsY,

S2x S”?

T 19/, /

Jp = / D32, (1 +3m-n)*)(1 —n-n)D3(, ¢)M cos ¥ cos ¥ d2dY,

S2x 8”2

T (9,

Js = / D73 2W, o)1 +3m-n)>) D72, w)% cos? 9dQ d<Y,

S$2x 8”2

Jo = /52 . D32W, o)A +3m-n)?) (1 —n-n)D2 (W, q))w cos? #dQd€,
o= /s LD 30— n D, @M
X T'®.¢) cos ¥ cos ¥ dQ2dSY,
Jin = /S i D72, ¢)(1+3m-n)?) D2 (v, w)@ cos” 9dQ d.
s

The numerical values are reported in table 2.
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Table 3. Values of the parameters entering in the inter-band acoustic phonon scattering relations.

A=— A=+
Parameter B=+ B=-
L 7.68841 7.68841
I 4.43548 0.107 800
Iz 4.363 69 1.21393
Iy 1.454 56 0.404 642
Is 2.56274 2.56274
Is —0.553374 —0.042758
I; 3.19346 2.663 97
I3 5.97556 16.9617

The definition of the coefficients /; are given by

I = / D0}, 0p) D2 (W4, 02)(3 — 3(ny - mp)?) A2 A2,
52x 872

- / / / _ T (7} ,Q )
& :/ D@, 93 = 3@ -mp)) (1 —ns - ng) D204, 90) ==
S§2x 872 )
T 19/ , /
chosﬂf; cos ¥y dQ, dQ27p,
i _3/2 / ’ N2 , _5/2 ,
b= / Dy Wy ¢p) 3 = 3ma - mg)) (= na - np) D (D4, g) AR L,
S§2x .S
= / D205, ¢3)(3 = 3 - ng))(1 = ma - mp) DD, 9)
S§2x §2
Ta(Da,
« La0a04) 05 40, A,
- Ty(94,
Is = /2 . DB3/2(19/ ; (p;g)(:s —3(ny 'nB/)z)Dgz(ﬁA, (pA)MCOSZ B adS24 4’ i
S§2x .S

Is = / 2 Dy (9, 9)(3 = 3(ma -mp)2) (1 — ng -1 ) D> (P4, 94)
S2x S

T 19/ , /
X McosﬂA cos ¥y, d24 A2,

I = / D (0}, 9)(3 —3ma -ng"))(1 — na -0 ) D> (D4, 04)

T2(¥,,
><Mcos2 Ta dQ2, dS2y,

T304, ¢a)
Q) A A P

Iy = / D (0}, 0)(3 =34 -ng")) D (94, cos® 94 A2, d2,.
S2x 872

The numerical values are reported in table 3.
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